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a b s t r a c t
Let G be a group such that the set of p-elements of G forms a finite nonabelian subgroup,
where p is an odd prime, and let F be a field of characteristic p. In this paper we prove
that the lower bound of the Lie derived length of the group algebra FG given by Shalev in
[11] is also a lower bound for the Lie derived length of the set of symmetric elements of
FG for every involution which is linear extension of an involutive anti-automorphism of G.
Furthermore, we provide counterexamples to the interesting cases which are not covered
by the main theorem.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let FG be a group algebra of a group G over a field F . Then FGmay be considered as a Lie algebra with the Lie operation
defined by [x, y] = xy − yx for all x, y ∈ FG. For a subset S ⊆ FG we define the Lie derived series by the following way. Let
δ[0](S) be the vector space over F spanned by S and let δ[n+1](S) be the vector space spanned by all Lie commutators [x, y]
with x, y ∈ δ[n](S). The subset S is said to be Lie solvable if there exists n such that δ[n](S) = 0, and the smallest such n is
called the Lie derived length of S which will be denoted by dl(S).
The study of Lie properties of FG is very useful to get information about the whole group algebra and its group of units as
well. Thus Lie methods play an important role in the theory of group algebras. More Lie properties such as Lie nilpotency,
Lie n-Engel, Lie solvability, strong Lie solvability were considered in group algebras. The study of Lie solvability proves to be
very difficult and we know very little about it in spite of the fact that it has been studied bymany authors for group algebras
as well as for their subsets. First Shalev [11] succeeded in giving a lower bound for the Lie derived length of group algebras
of a nonabelian group G and a field F of positive characteristic p. This lower bound is ⌈log2(p+ 1)⌉, where ⌈r⌉ is the upper
integer part of r and it turned out that is the correct one.
Let ~ be an involution on FG. Denote by FG+~ and FG−~ the set of symmetric and skew-symmetric elements in FG under
involution ~, respectively, that is FG+~ = {x ∈ FG | x~ = x} and FG−~ = {x ∈ FG | x~ = −x}. Evidently, they are vector
spaces over F . Amitsur’s result (Theorem 6 in [1]) inspired the study of the properties of the set of symmetric and skew-
symmetric elements in group algebras. It turned out that the symmetric or skew-symmetric elements determine the Lie
derived length of the whole group algebra in some cases. The main result in [3] is that dl(FG) = dl(FG+∗ ) = dl(FG−∗ ), where∗ is the canonical involution and G is a nilpotent group with cyclic derived subgroup of order pn (p is an odd prime) and F
is a field of characteristic p. We refer the reader to the book [9] by Lee for further results on the Lie properties of the set of
symmetric and skew-symmetric elements.
By group involution some authorsmean an involutive group anti-automorphism.We say that an involution~ of FG arises
from the group G if~ is F-linear extension of an involutive anti-automorphism of G. Jespers and Ruiz [5] gave the conditions
for G such that the elements of RG+~ (R is a commutative ring) commute for all involutions ~which arise from G. In [6] they
also studied the case when the Lie algebra of skew-symmetric elements FG−~ has Lie derived length 1 under an involution
which is a linear extension of a group involution on G.
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Let p be an odd prime and FG the group algebra of a group G without 2-elements over a field F of characteristic p. If the
set of p-elements of G forms a finite normal subgroup, then FG+∗ (∗ is the canonical involution) is Lie solvable if and only if
FG is Lie solvable by Theorem 1.1 in [8]. In general, we do not know any conditions on G such that FG+~ or FG−~ is Lie solvable
with respect to an involution ~. The present paper is devoted to generalizing Shalev’s result in [11] by showing that the
lower bound for the Lie derived length of FG+~ coincides with the lower bound of the whole group algebra with respect to
every involution ~which arises from G, when F is a field of odd characteristic p and the set of p-elements of G forms a finite
nonabelian subgroup. Our main result is the following.
Theorem 1. Let p be an odd prime, G a group in which the set of p-elements forms a finite nonabelian subgroup and let FG be its
group algebra over a field F of characteristic p. Then
dl(FG+~ ) ≥ ⌈log2(p+ 1)⌉
for every involution ~ which arises from G.
Our main theorem and Proposition B in [11] give immediately the following corollary.
Corollary 2. Let F be a field of characteristic p > 2 and G a group in which the set of p-elements forms a finite nonabelian
subgroup with central derived subgroup of order p. Then dl(FG+~ ) = ⌈log2(p+ 1)⌉ for every involution ~ which arises from G.
Although, for an odd prime p, the main result in [10] yields that FG is Lie solvable if and only if G is a p-abelian
group (the derived subgroup of G is a finite p-group) in this case the lower bound of the Lie derived length of FG is not
always attained by the Lie derived length of the set of symmetric elements. For example, for p > 2 the group algebra of
G = ⟨ a, b | ap = b2 = 1, ba = a−1b ⟩ has dl(FG+∗ ) = 2 for any field F of characteristic p, so for p > 3 dl(FG+∗ )
< ⌈log2(p+ 1)⌉.
It is worth noting that in our case the lower bound given by Shalev is not always attained by the Lie derived length of
the Lie subalgebra of skew-symmetric elements. For example, let G = ⟨ a, b, c | a3 = b3 = c3 = 1, (a, b) = c ⟩. Then G
has an involutive anti-automorphism ⊙ which acts on a and b by a⊙ = ac−1 and b⊙ = b and we can easily calculate that
dl(FG−⊙) = 1, where F is a field of characteristic 3. Jespers and Ruiz [5] showed that the elements in FQ8+∗ commute with
respect to the canonical involution ∗, where Q8 is the quaternion group of order eight and F is an arbitrary field. Thus the
lower bound for the Lie derived length of symmetric elements can be one if either the group algebra is not modular or G is
a 2-group and the characteristic of F is two.
2. Proof of the main theorem
Let FG be a group algebra of a finite nonabelian p-group G over a field F of characteristic p. The following identities will
be used freely throughout this paper
xy− 1 = (x− 1)(y− 1)+ (x− 1)+ (y− 1);
[vw, z] = v[w, z] + [v, z]w and [v,wz] = w[v, z] + [v,w]z,
where x, y, v, w, z ∈ FG.
By the augmentation ideal of a group algebra FG we mean the ideal in FG, generated by the set {g − 1 | g ∈ G}, and it
will be denoted by∆(G). As it is well known,∆(G) is nilpotent if and only if G is a finite p-group and char(F) = p (see [4]).
Using the first identity above, we can easily observe that
gm − 1 ≡ m(g − 1) (mod ∆(G)2) (2.1)
for every g ∈ G and every integerm. Let (a, b) denote the commutator a−1b−1ab, where a, b ∈ G. Then
[a, b] = ab1− (b, a), [a, b] = (a−1, b−1)− 1ba (2.2)
and we can see that [a, b] ∈ FG∆(G′), where G′ is the derived subgroup of G.
Let In denote the ideal

∆(G)3 + FG∆(H)∆(G′)2n−1 of FG, where H is a subgroup of G and let γi(G) denote the ith term
of the lower central series of G.
Lemma 3. Let G be a finite p-group such that G′ has p order, H a subgroup of the center ζ (G) of G and In the ideal as before. Then
[∆(G)2∆(G′)2n−1, In] ⊆ In+1 and [In, In] ⊆ In+1.
Proof. For G the conditions of Lemma 3 in [2] are satisfied, so
[∆(G)k∆(G′)i,∆(G)l∆(G′)j] ⊆ ∆(G)k+l−2∆(G′)i+j+1, (2.3)
where k, l, i, j ≥ 1 and by definition,∆(G)0 = FG.
Using (2.3), the identity
FG∆(G′)i = ∆(G)∆(G′)i +∆(G′)i
1284 Z. Balogh / Journal of Pure and Applied Algebra 216 (2012) 1282–1287
and the fact that∆(H) is a subalgebras of the center of FGwe get that
[∆(G)2∆(G′)2n−1, In] ⊆ [∆(G)2∆(G′)2n−1,∆(G)3∆(G′)2n−1] + [∆(G)2∆(G′)2n−1,∆(G)∆(G′)2n−1]∆(H)
⊆ ∆(G)3∆(G′)2n+1−1 +∆(G)∆(H)∆(G′)2n+1−1
⊆ In+1.
Applying the same identities and facts as before we have
[In, In] ⊆ [∆(G)3∆(G′)2n−1,∆(G)3∆(G′)2n−1] + [∆(G)3∆(G′)2n−1,∆(G)∆(G′)2n−1]∆(H)
+ [∆(G)∆(G′)2n−1,∆(G)∆(G′)2n−1]∆(H)2 ⊆ In+1,
as required. 
Let G be a finite p-group with derived subgroup G′ of order p and a, b, c elements of G such that (a, b) = c . It is easy to
check (see e.g. [7] p. 252) that
[blam, bsat ] ≡ (ms− lt)bl+sam+t(c − 1) (mod FG∆(G′)2). (2.4)
We will use freely the easily verifiable fact that the value of the product
(g − 1)(h− 1)(c − 1)
is independent of the order of its factors modulo I1 for all g, h ∈ G and c ∈ G′.
Throughout the following lemmata by p we mean an odd prime and let F denote a field of characteristic p. We write Cp
for the cyclic group of order p and G~ for the set {g ∈ G | g~ ∈ CG(g)} of G, where CG(g) is the centralizer of g in G.
Lemma 4. Let G be a finite p-group with derived subgroup of order p, such that G/ζ (G) ∼= Cp × Cp, FG its group algebra over F
and let ~ be an involution on FG which arises from G. If G~ = G, then
dl(FG+~ ) ≥ ⌈log2(p+ 1)⌉ .
Proof. Let a, b ∈ G such that (a, b) = c ≠ 1 for some c ∈ G′. Evidently, ζ (G) ⊇ Φ(G) = G′Gp, where Gp = ⟨ gp | g ∈ G ⟩
andΦ(G) is the Frattini subgroup of G. Then a~ = blamy1 and b~ = bsaty2, where y1, y2 ∈ ζ (G) and 0 ≤ l,m, s, t < p. Since
a, b, ab ∈ G~, we conclude that l = t = 0 and m = s. Therefore a~ = amy1 and b~ = bmy2 for y1, y2 ∈ ζ (G), where m is
either 1 or p− 1.
It is easy to see that (g − 1)(g~ − 1) ∈ FG+~ for all g ∈ G. Let u0 = (a − 1)(a~ − 1), v0 = (b − 1)(b~ − 1) and
w0 = (ab− 1)((ab)~ − 1). Let H be the center ζ (G) of G and let In be the ideal of FG as defined before. Let us calculate the
Lie commutator of the symmetric elements u0, v0
[u0, v0] = (a− 1)(b− 1)[a~, b~] + (a− 1)[a~, b](b~ − 1)+ (b− 1)[a, b~](a~ − 1)+ [a, b](b~ − 1)(a~ − 1)
= (a− 1)(b− 1)[amy1, bmy2] + (a− 1)[amy1, b](bmy2 − 1)
+ (b− 1)[a, bmy2](amy1 − 1)+ [a, b](bmy2 − 1)(amy1 − 1).
Using (2.1) and (2.4) we have that
[u0, v0] ≡ m2(a− 1)(b− 1)bmamy1y2(c − 1)+m(a− 1)bamy1(c − 1)(bmy2 − 1)
+m(b− 1)bmay2(c − 1)(amy1 − 1)+ ba(c − 1)(bmy2 − 1)(amy1 − 1)
≡ 4m2(a− 1)(b− 1)(c − 1) (mod I1).
Similar computations show that
[u0, w0] ≡ 4m2(a− 1)(b− 1)(c − 1)+ 4m2(a− 1)2(c − 1) (mod I1)
and
[w0, v0] ≡ 4m2(a− 1)(b− 1)(c − 1)+ 4m2(b− 1)2(c − 1) (mod I1).
The fact that δ[1](FG+~ ) is a linear space over F guarantees that there exist elements u1, v1, w1 ∈ δ[1](FG+~ ) such that
u1 ≡ (a− 1)(b− 1)(c − 1) (mod I1);
v1 ≡ (a− 1)2(c − 1) (mod I1);
w1 ≡ (b− 1)2(c − 1) (mod I1).
Assume that for some n > 1, we have un, vn, wn ∈ δ[n](FG+~ )with properties
un ≡ (a− 1)(b− 1)(c − 1)2n−1 (mod In);
vn ≡ (a− 1)2(c − 1)2n−1 (mod In);
wn ≡ (b− 1)2(c − 1)2n−1 (mod In).
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Using Lemma 3 we get
[vn, wn] ≡ [(a− 1)2(c − 1)2n−1, (b− 1)2(c − 1)2n−1]
≡ [(a− 1)2, (b− 1)2](c − 1)2n+1−2 (mod In+1),
furthermore, by (2.2)
[(a− 1)2, (b− 1)2] ≡ (a− 1)(b− 1)[a, b] + (a− 1)[a, b](b− 1)+ (b− 1)[a, b](a− 1)+ [a, b](b− 1)(a− 1)
≡ 4(a− 1)(b− 1)(c − 1) (mod I1),
so 4−1[vn, wn] ≡ (a − 1)(b − 1)(c − 1)2n+1−1 (mod In+1) and un+1 = 4−1[vn, wn] is contained in δ[n+1](FG+). Using
Lemma 3 again, we have
[vn, un] ≡ [(a− 1)2(c − 1)2n−1, (a− 1)(b− 1)(c − 1)2n−1]
≡ [(a− 1)2, (a− 1)(b− 1)](c − 1)2n+1−2 (mod In+1),
and
[(a− 1)2, (a− 1)(b− 1)] ≡ (a− 1)2[a, b] + (a− 1)[a, b](a− 1)
≡ 2(a− 1)2(c − 1) (mod I1),
so vn+1 = 2−1[vn, un] ≡ (a− 1)2(c − 1)2n+1−1 (mod In+1).
Finally,
[wn, un] ≡ [(b− 1)2(c − 1)2n−1, (a− 1)(b− 1)(c − 1)2n−1]
≡ [(b− 1)2, (a− 1)(b− 1)](c − 1)2n+1−2 (mod In+1),
and
[(b− 1)2, (a− 1)(b− 1)] ≡ [b, a](b− 1)2 + (b− 1)[b, a](b− 1)
≡ −2(b− 1)2(c − 1) (mod I1),
sown+1 = −2−1[wn, un] ≡ (b− 1)2(c − 1)2n+1−1 (mod In+1).
Assume that uk, vk, wk are in Ik if 2k − 1 < p. Since c is a commutator the element c − 1 is of weight t ≥ 2 by
Jenning’s theory [4]. Evidently, the common weight of uk, vk, wk is 2 + t(2k − 1) which means that uk, vk, wk are in
∆(G)2+t(2k−1) \ ∆(G)3+t(2k−1). According to the Jenning’s theory ∆(G)s has an F-basis consisting of regular elements of
weight not less than s. Thus∆(G)3∆(G′)2
k−1 ⊆ ∆(G)3+t(2k−1) and the non-zero elements
(a− 1)(b− 1)(c − 1)2k−1, (a− 1)2(c − 1)2k−1 and (b− 1)2(c − 1)2k−1
are in FG∆(ζ (G))(c − 1)2k−1 which is impossible.
Since uk, vk, wk are nonzero elements of δ[k](FG+~ ) if 2k − 1 < p so dl(FG+~ ) ≥ ⌈log2(p+ 1)⌉, as required. 
Lemma 5. Let G be a finite p-group of nilpotency class two such that G′ is an elementary abelian subgroup. Let FG be the group
algebra of G over F and let ~ be an involution on FG which arises from G. If G~ = G, then
dl(FG+~ ) ≥ ⌈log2(p+ 1)⌉ .
Proof. First we state some simple facts which will be used freely in this proof. Since G is a group of nilpotency class two we
have that (a, b)~ = (a~, b~)−1 for all a, b ∈ G. We conclude from (ab, (ab)~) = 1 that (a~, b) = (a, b~) for all a, b ∈ G.
Assume that there exists a two generated ~-invariant nonabelian subgroup H of G. Then Hp ⊆ ζ (H) and Lemma 4 says
that
dl(FG+~ ) ≥ dl(FH+~ ) ≥ ⌈log2(p+ 1)⌉ .
Otherwise, let a, b ∈ G such that (a, b) = c ≠ 1 for some c ∈ G′ and H = ⟨ a, b, a~, b~ ⟩. Clearly, aa~ and bb~ are
symmetric elements of H . It is easy to see from (ab~, (ab~)~) = 1 that c~ = c−1. If aa~ and bb~ did not commute, then
⟨ aa~, bb~ ⟩ would be a two generated ~-invariant nonabelian subgroup which is impossible. Thus we can assume that
(aa~, bb~) = 1. We can easily calculate that (aa~, bb~) = (c(a~, b))2 = 1 which shows that (a~, b) = (a, b~) = c−1.
Therefore (a, bb~) = (a~, bb~) = 1 and (b, aa~) = (b~, aa~) = 1. Since H = ⟨ a, b, aa~, bb~ ⟩ and aa~, bb~ are in ζ (H)we
have proved that H/ζ (H) ∼= Cp × Cp. Applying Lemma 4 the inequalities dl(FG+~ ) ≥ dl(FH+~ ) ≥ ⌈log2(p+ 1)⌉ complete the
proof. 
Lemma 6. Let G be a finite p-group with derived subgroup of order p and ~ an involution on FG which arises from G. If G~ ≠ G,
then
dl(FG+~ ) ≥ ⌈log2(p+ 1)⌉ .
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Proof. Let g be a fixed element of G \G~ and (g, g~) = c for some c ∈ G′. Clearly G′ = ⟨ c ⟩ and h+ h~ ∈ FG+~ for any h ∈ G.
Using (2.2) we can calculate that
[g i + (g i)~, g j + (g j)~] = −g i(g j)~(c−ij − 1)+ g j(g i)~(c−ij − 1)
for any 0 < i, j < p, where i ≠ j. We get that
[g i + (g i)~, g j + (g j)~] ≡ ijg i(g j)~ − g j(g i)~(c − 1) (mod FG∆(G′)2)
by (2.1). It is easy to check that h − h~ ∉ FG∆(G′) when h ∈ G \ G~, so we have proved that δ[1](FG+~ ) ≠ 0. Since⌈log2(3+ 1)⌉ = 2 the lemma is true for p = 3.
Assume that p > 3. We will prove by induction on n that if n is odd, then there exist elements xni,j ∈ δ[n](FG+~ ) such that
xni,j ≡

g i(g j)~ − g j(g i)~(c − 1)2n−1 (mod FG∆(G′)2n),
where 0 < i, j < p, i ≠ j, and for even n that there exist elements xns ∈ δ[n](FG+~ )with property
xns ≡ (g s − (g s)~)(c − 1)2
n−1 (mod FG∆(G′)2
n
),
where 0 < s < p.
As we have seen before, we have x1i,j ∈ δ[1](FG+~ ) with the required properties. Assume that n is even. Since p ≥ 5 there
exist 0 < j, k < p such that jk ≡ −1 (mod p) and j+ k ≢ 0 (mod p). Evidently, g rk(g r)~ ∈ CG(g−r(g rj)~) for any r ≢ 0
(mod p), so
[g−r(g rj)~ − g rj(g−r)~(c − 1)2n−1−1, g rk(g r)~ − g r(g rk)~(c − 1)2n−1−1]
≡ −[g−r(g rj)~, g r(g rk)~](c − 1)2n−2 − [g rj(g−r)~, g rk(g r)~](c − 1)2n−2
≡ −r2(j+ k)(g r(j+k) − (g r(j+k))~)(c − 1)2n−1 (mod FG∆(G′)2n)
by (2.1) and (2.2). Let 0 < s < p. Since j + k ≢ 0 (mod p) we can choose an r ≢ 0 (mod p) such that r(j + k) ≡ s
(mod p). The fact that δ[n](FG+~ ) is a linear space over F ensures the existence of xns ∈ δ[n](FG+~ ) such that
xns ≡

g s − (g s)~(c − 1)2n−1 (mod FG∆(G′)2n).
Suppose that n(> 1) is odd. According to the inductive hypothesis, there exist xn−1i , x
n−1
j ∈ δ[n−1](FG+~ )with properties
xn−1i ≡

g i − (g i)~(c − 1)2n−1−1 (mod FG∆(G′)2n−1)
and
xn−1j ≡

g j − (g j)~(c − 1)2n−1−1 (mod FG∆(G′)2n−1)
for any 0 < i, j < p, where i ≠ j. We can calculate as before that
[g i − (g i)~(c − 1)2n−1−1, g j − (g j)~(c − 1)2n−1−1]
≡ −[g i, (g j)~](c − 1)2n−2 − [(g i)~, g j](c − 1)2n−2
≡ g i(g j)~(c−ij − 1)− g j(g i)~(c−ij − 1)(c − 1)2n−2
≡ −ijg i(g j)~ − g j(g i)~(c − 1)2n−1 (mod FG∆(G′)2n).
Since δ[n](FG+~ ) is F-linear we have xni,j ∈ δ[n](FG+~ ) such that
xni,j ≡

g i(g j)~ − g j(g i)~(c − 1)2n−1 (mod FG∆(G′)2n).
Keeping in mind that the order of c is p, for n < log2(p + 1) (that is 2n − 1 < p) it is easy to see that neither xni,j nor xns
are zero elements of δ[n](FG+~ )which proves that dl(FG+~ ) ≥ ⌈log2(p+ 1)⌉. 
Before proving the main theorem let us state the following lemma.
Lemma 7. Let G be a group with an anti-automorphism ~. Then every characteristic subgroup of G is ~-invariant.
Proof. Let H be a characteristic subgroup of G. Denote by ∗ the anti-automorphism which sends each group element to its
inverse. Then the composition ∗ ◦ ~ is an automorphism of G, so we get that h~ = (h−1)∗◦~ ∈ H for every h ∈ H . 
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LetG be a groupwith an involutive anti-automorphism~ and letH be a characteristic subgroup ofG. The previous lemma
says thatH is~-invariant, so for every g ∈ G and h ∈ H we have that (gh)~ = g~h for someh ∈ H . This shows that~ induces
amapping onG = G/H (wewill also denote this inducedmapping by~) and~ is either the identitymap onG or an involutive
anti-automorphism of G. Evidently, if G is nonabelian, then ~ cannot be the identity map. Indeed, if ~ is the identity map on
G, then gh = (gh)~ = (gh)~ = h~g~ = hg for every g, h ∈ Gwhich shows that Gmust be an abelian group. It is well-known
that FG ∼= FG/FG∆(H), where F is a field and if ~ is an involutive anti-automorphism of the nonabelian group G, then the
linear extension of~ from G is an involution on FG. This involution of FG coincides with the involution induced by the linear
extension of ~ from G into FG.
Proof of the main Theorem. Let G be a finite nonabelian p-group, where p is an odd prime and F a field of characteristic p
and let ~ be an involution of FGwhich arises from G. According to Lemma 7, the third term γ3(G) of the lower central series
of G is ~-invariant, so ~ induces a mapping on G1 = G/γ3(G) which is also denoted by ~. As we mentioned before, ~ is an
involutive anti-automorphism on G1. The Frattini subgroup Φ(G′1) of the derived subgroup of G1 is also ~-invariant in G1
and G = G1/Φ(G′1) has an involutive anti-automorphism induced by ~. Then G is a group of nilpotency class two and G′ is
an elementary abelian p-group. Let~ denote the induced anti-automorphism on G. If G~ ≠ G, then there exists a g ∈ G such
that (g, g~) ≠ 1. Then H = ⟨ g, g~ ⟩ is a ~-invariant subgroup and |H ′| = p. According to Lemma 6,
dl(FG
+
~ ) ≥ dl(FH+~ ) ≥ ⌈log2(p+ 1)⌉ .
Suppose that G~ = G. Then Lemma 5 asserts that
dl(FG
+
~ ) ≥ ⌈log2(p+ 1)⌉ .
Let ψ be the natural homomorphism of G onto G. Then the mapping Ψ : FG → FG given by
Ψ

g∈G
αgg

=

g∈G
αgψ(g),
where αg ∈ F is a homomorphism.
Clearly, elements of FG+~ can be written in the form

g∈G αg(g + g~), where αg ∈ F . Since Ψ (g + g~) = g + g~ for all
g ∈ G and the Lie operator is F-linear we get that dl(FG+~ ) ≥ dl(FG+~ ).
Finally, assume that the set of p-elements forms a finite non-abelian P subgroup in G. Then P is a characteristic subgroup
and the inequality dl(FG+~ ) ≥ dl(FP+~ ) ≥ ⌈log2(p+ 1)⌉ completes the proof. 
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